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Abstract: There is a U (4') xU (4)-bundle on four-dimensional square root Lorentz manifold. Then 
a Pati-Salam model in curved space-time (Lagrangian) and a gravity theory (Lagrangian) are 
constructed on square root Lorentz manifold based on self-parallel transportation principle. An 
explicit formulation of Sheaf quantization on this square root Lorentz manifold is shown. Sheaf 
quantization is based on superposition principle and construct a linear Sheaf space in curved space- 
time. The transition amplitude in path integral quantization is given which is consistent with Sheaf 
quantization. All particles and fields in Standard Model (SM) of particle physics and Einstein gravity 
are found in square root metric and the connections of bundle. The interactions between 
particles/fields are described by Lagrangian explicitly. There are few new physics in this model. The 
gravity theory is Einstein-Cartan kind with torsion. There are new particles, right handed neutrinos, 
dark photon, Fiona, X*° and Y°,Y1,Y2,Y¥2,¥2. 
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I. INTRODUCTION 
Four-dimensional 

geometry with signature (—, +, +, +), Lorentz 

manifold, is the geometry background of the 


pseudo-Riemann 


general relativity, space-time is described by 
the metric, and the gravitational field is 
described as the curve of space-time. In general 
relativity, the geodesic equation describes the 
trajectories of free particles, and the Einstein 
equation determines how matter curves space- 
time. At the last life time of Einstein, he 
attempted to establish a new geometry unifying 
electromagnetic interaction and gravity. This 
idea was developed by Weil into the early idea 
of gauge invariance and by the Kaluza and 
Klein into the idea of extra dimensions. 

Later, the Yang-Mills theory [1] was 
confirmed. Yang-Mills theory takes gauge 


invariance as its basic principle and to be the 
theoretical framework of electromagnetic, 
weak and strong interaction in Standard Model 
(SM) of particle physics [2-7]. The Yang-Mills 
theory is the theoretical framework of SM and 
has a good correspondence with the complex 
structure group G fiber bundle theory [8]. 
General relativity can actually be rewritten in 
the framework of fiber bundle theory also, 
except that the G structure group of general 
relativity is real, and the corresponding fiber 
bundles are the tangent and cotangent bundles. 
Another way to build unified field theory is 
introducing extra dimensions to give all fields 
their geometric positions. And lots of attempts 
in extra dimension were made. Is it possible to 
fuse the tangent (cotangent) bundle of general 
relativity with the complex structure group G- 
bundle of Yang-Mills theory? 

Inspired by the Dirac’s way of finding his 
equation and spinors through making square 
root of the Klein-Gordon equation, we 
researched the four-dimensional square root 
Lorentz manifold, which similar with the 
papers in Clifford algebra or Clifford bundle 
[9-52], spin-gauge theory in Riemann-Cartan 


sedenion [55] and 
Einstein-Cartan theory [56-58] etc. Four- 
dimensional square root Lorentz manifold has 
extra U(4') x U(4) principal bundle than 
Lorentz manifold. Two Lagrangians based on 


space-time [53, 54], 


four-dimension square root Lorentz manifold 
are constructed which describe a U(4’) x 
U(4), X U(4)g Pati-Salam model in curved 
space-time and a gravity theory, respectively. 
In the Pati-Salam model [59], the SU(4’) is 
color group with “lepton number as the fourth 
color”, and the SU(4), X SU(4) x is chiral 
flavor group. The gravity theory is Einstein 
kind with torsion. We realize an explicit 
formulation of Sheaf quantization [60-76] 
scheme which consistent with path integral 
quantization. The particles spectrum on this 
model is analyzed. 


Il. GEOMETRY AND LAGRANGIAN 

The notations are 
a,b,c,d 
a,b,c,d are equal to 0,1,2,3. 


introduced here. 
indices and 


U,v,p,o 
represent coordinates indices and w,v,p,0 


represent frame 


are equal to 0,1, 2,3. a represent group indices 
with æ equals to 0,1,---,15. i,j,k,l,m are 
equal to 1, 2,3,4. C is quarks color and equals 
to R,G,B(1,2,3). x is Sheaf space index. 
Repeated indices are summed by default. 
The pseudo-Riemann manifold is 
described by a metric 
G(X) = -9w (x)dx" @ dx’, (1) 
where the metric is symmetric 
Juv (x) = Iv (x), (2) 
and {x|x = (x4)= (č, x)} is a four- 
dimensional topological space. Here we 
discuss the four-dimensional pseudo-Riemann 
manifold with signature (—, +, +, +), Lorentz 
manifold. And it can be described by 
orthonormal frame (vierbein) formalism as 
J (x) = =a), C8) 
where 
n® = diag(1, —1, —1, —1). 
Orthonormal frames describe gravitational 
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(a) 


(b) 


FIG. 1. Picture visualization of geometry 
background of (a) general relativity (b) 
Yang-Mills theory and (c) square root 
metric. (a) Geometry background of 


general relativity is pseudo-Riemann 
geometry, which is a smooth curved 
manifold. (b) Geometry background of 
Yang-Mills theory is complex G-bundle 
with flat base manifold, G is the gauge 
group of Yang-Mills theory. (c) Square root 
metric geometry in four-dimension has 
everything of pseudo-Riemann geometry 


and extra U(4’) x U(4)-bundle. 
field 


Ba (x) = ol(x) 2 
a(X) = 84 (x) Dye 
The definition of gamma matrices is 

yy? +y?¥* = 2Naplaxa- (4) 
The Hermiticity conditions for gamma 
matrices are 

yay?t + yPtyt = 21? laxg, (5) 
where I% is diag(1,1,1,1). We define 


l= iyi rie? Q ebal), (6) 


[= iy ONYE] O eGa(x), (7) 


where e; are the orthogonal bases expanding 
four-dimension complex space (*. The 
orthogonal bases of C* satisfy 


tr(e} Q e;) = ee} = 0755 (8) 


One simple choice of e; is 
e, = (e',0,0,0), e, = (0,e'%,0,0), (9) 
ez = (0,0,e'%,0),e, = (0,0,0,e'%). (10) 
After using yt = y°y%y°, we find that 


=4 = 1 7 
g(x) 7 tr[1(x)l(x)]. (11) 


Then I(x) and I(x) are the square root of 
metric in some sense. The yjj(x) can be 


shown as 
Vic OVE @) = Wi COVEV mmj) 
= Wi (x)y p), 
Vic OVD = Vi VEY Pm © 


= Wi (xy, (x), 
where yw; are the Dirac fermions field with 
flavor related index i equals to1, 2, 3,4. And 

Pix) =o} Gy? p (x) € U (4) 
is 4x4 matrix. So, the square root metrics 
are defined as follow 


U(x) = ibs) pe] ® eba), (12) 


I(x) = ipi)y**Wj(x)e} 8 eba). (13) 


The square root Lorentz manifold is described 
by square root metric (12), (13). Direct 
calculations show that the definition (12) and 
(13) satisfy (11) and 

It(x) = —l(x), TOD) = —I(x). 

The coefficients of the affine connections 
on coordinates, coefficients of spin connections 
on orthonormal frame [77] and gauge fields on 
the U(4’) x U(4) -bundle are defined as 
follows 


My = Fyn) Op, (14) 

Vba) = rA Cx) (x), (15) 

yD = iMr? — vr], (16) 
Tei = Wye}. (17) 


A relation between coefficients of the affine 
connections on coordinates and coefficients of 
spin connections on orthonormal frame can be 
easily found 
Tea x) = 0,07 @) + 0x Gort @). 
If the covariant derivative is compatible with 
metric, 

Vg(x) = 0, 
then 
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Tabu = —Thap- 
The gauge fields on the U(4’) x U(4)-bundle 


are Hermitian 
V, (x) = V(x), Wij) = Wj). 


The uniqueness of definition of gauge fields is 
originated from restriction (4), (5) and (8). 
The equation as follow can be derived from (16) 
VEY) = ify. — yr], (18) 
where we write 
VC) = yvy’. 
The gauge field V(x) and W,j;;(x) can be 
decomposed by the generators of the U(4) 
group 
Wie) = VETY, (19) 
Waij) = WETS, (20) 
where œ is equals to 0,1,2,---,15. There are 
Hermitian gauge bosons fields 
VET) = Yer), WE (x) = WE). 
The J“ are the generators of U(4) and an 
expilict one can be seen in appendix. An 
equation is constructed which satisfying the 
U(4') x U(4) gauge invariant, locally Lorentz 
invariant and generally covariant principles 
trV[l(x)] = 0. (21) 
This equation originated from generalized self- 
parallel transportation principle. Eliminating 
index x, the explicit formula of equation (21) 
is 


[ (0,0; — Bie + Wud vy Witdiy? (ið ppi 


+ Vapi — PjWaji) 
+ ipiy Pil hylla = 0. 
We define a Lagrangian 


= bs 
£ = piv *(iduhi + Yahi — WjWyji)Oa + si Wil a: (22) 


The last term in Lagrangian (22) is Yukawa 
coupling term w,@y; and the scalar (Higgs) 
field is gamma matrix valued and originated 


from gravitational field 
i 
$ S FV T buba: (23) 


Then, the Lagrangian (22) describes U(4’) x 
U(4) Yang-Mills theory in curved space-time. 
The Lagrangian (22) has relation with (21) 


trV[l(x)] =£- Lt. (24) 

If equation (21) being satisfied, the Lagrangian 
(22) is Hermitian 

Cart. (25) 

So, the unitary principle of quantum field 

theory (25) consistent with generalized self- 

parallel transportation principle (21). The 

equations of motion for the Lagrangian (22) are 


i 
y“ (iðupi + Vupi — Wj Wyji)Oa + FV Vil buba = 


and this equation’s conjugate transpose. We 
point out that (21) is density matrix version of 
(26). The effective equation of motion of (26) 
has signature (1, —1, —1, -1). For example, the 
massless Dirac equation in curved space-time 
of this model is 

iy70,0,); = 0. (27) 
The square of equation (27) is massless Klein- 
Gordon equation in curved space-time 

°° 0403 9,.0,%pi = 0 

The signature of 


(28) 
equation (28) is 
(1,—1,—1,—1) and consistent with special 
relativity. Then, a Lagrangian (22) which 
U(4')x U(4) Yang-Mills 
theory in curved space-time is all other fields 


describes the 


(except Higgs field) dynamical background 
which satisfies the characteristic of the 
gravitational field in our real world. 
Lagrangian (22) is U(4’) x U(4) gauge 
invariant, locally Lorentz invariant and 
generally covariant. So, Lagrangian (22) is 
demanded invariant under the transformations 
p; = Op Vj, 
p = Tyr Tts, 
6, = Af oF, 


Then, the transformation rules have to be 


(29) 


derived as follows 


y; = v, 0t — (9,0) ot, (30) 
V, = Ug Uj + Uki(ôpUky), (31) 
Tan = Al Gy AG — Ad Ae’, (32) 


where the transformation matrices satisfy 
out = I, Uji Ujx = Oi A PAS = Of. 
Then the transformation elements 
U € u(4’), 
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(Vij) € UC), 

A € 0(1,3), 
and U(4’) is color group, U(4) is flavor 
group, O(1,3) is locally Lorentz group. Then 
we complete the proof of the Lagrangian (22) 
is U(4')xU(4) gauge invariant, locally 


Lorentz invariant and generally covariant. 


The gauge field strength tensors and 
Nae 
curvature tensor are defined as follows 
Huv = O,Vy — yy — ay + YM, 
Fuvij = Wry — Oy Wuij — WrirWrej 
+ iWyirWpkj» 
Rey = Ol oy a PT hy + Pil p 
-TẸ TS. 
If the covariant derivative is compatible with 
metric, the curvature tensor satisfies 
Rabuv = —Roay: 

The gauge fields strengths on the U(4') x 
U(4)-bundle match the Hermiticity conditions 
HÌ, = Aw, uvij = Fwji 
The gauge field strength can be decomposed by 

the U(4) generators 


Hw = Hyp Fuvij = FSi; - 
After the torsion being defined 


TA = 2 hop (33) 

we have the Ricci identity and Bianchi identity 
[78] on this geometry structure as follows 

Puy) = Hiv Vo] — Vite GBA 

dtuFvpjij = FiuvjirWojrj — WiwtixiFvpyej (35) 

(36) 

MR ow) = Roophay G37) 

There is Yang-Mills Lagrangian for gauge 


Pow = Rei + VipTapp 


bosons in this model 


—1 =¢ uv 
y= -y tr(H Hw) -y Fi Fwji 


(38) 
where ¢ € R is constant. 
For the gravity, the Einstein-Hilbert action 
in Lorentz manifold be showed as follow 
S=f oR, (39) 
where R is the Ricci scalar curvature in 
Lorentz manifold, w is volume form 


W=/—g,dx A dxt A dx? Ade 


and 


gy = det (guy (x)). 


In this geometry framework, the equations can 
be derived as follows 


Vivl = = apre PrF uvkj ~ 


FiviWey™ Yj + piñ 
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Il.  SHEAF QUANTIZATION AND PATH 
INTEGRAL QUANTIZATION 

The entities I(x) and I(x) are two sections 
of the two bundles, respectively, where these 
two bundles are dual to each other. Further, the 


po, valued entities Î(x) and i(x) are 


Atperpésition of sections I(x) and I(x) 


—piy* Hw; +> by pe: Q e,0%, (40) I) = Dred x){K,x|[(%), (46) 


Vuy = = are Wek; uvkj ~ FivriPry pj + Pi Along 3 n), x(k, xb (x), (47) 


—piy* "A bj +5 oy Pty, 


where we write 
Aw = Y°H wy’. 

We define 

V? = Vu yjdx" A dx”, 
the equation of a gravity theory is constructed 

tr? [T] = 0. (42) 
This equation (42) is obviously U(4’) x U(4) 
gauge invariant, locally Lorentz invariant and 
generally covariant. The explicit formula of 
equation (42) is 


Rpipi = iF Ppl (yty? — vty ty; 


=p? Hay (yty? — yhty pae (43) 
where we use the notations as follow, 
ôLdx” Q dx?d, = 8X 8L, 
dx" @ dx”ð, ðs = Op Og 
Fapij = Favij9a Op» 
Hap = HyyO, Op- 


So, we definea U(4') x U(4) gauge invariant, 


locally Lorentz invariant, generally covariant 


Lagrangian 
Ly = Rpt, — iF pT (yay? — pty ty; 
tip! Hay (yt? — vty ty yi. 
The Lagrangian (44) is Hermitian 
£y = Ll. (45) 


The Ry pi in Lagrangian (44) gives us the 
Einstein-Hilbert action. The equation (43) and 
the Einstein tensor can be derived from the 
Einstein-Hilbert action. The gravity theory in 
this model is Einstein-Cartan kind with torsion. 


Suv ef Q e,0%, (41) 


( 44)Sheaf spaces Sh(x) and 


ne(2) e [0,1] 


v v 


where are probability of 


Base Manifold 


FIG. 2. The fiber bundle structure is 
shown. Left: I(x) is a section of the 
bundle. Right: A Sheaf is a collection of 


the sections. [(x) is Sheaf valued. 


corresponding section 1,,(x) and 1,,(x), x is 
Sheaf space index and evaluated in an abelian 
group. The density matrix corresponds to [(x) 
and i(x) is 


p=) m@lexMexl (48) 


We have orthogonal bases in Sheaf space. The 
orthogonal bases in Sheaf space satisfy 
probability complete formulas 


(x, x|k',x') = d(x-—x')d(k—-k’'). (49) 
trp(x)=) mG) =1 0) 


In mathematics, a Sheaf is a collection of 
sections, the index « of each section correspond 
to an abelian group element. In physics, the 
Sh(x) are 
expanded by all possible sections I(x) and 
I(x) of the two bundles, respectively. The 
Sh(x) and 
means, for example, any two entities 1, (x) 
and Î (x) in Sh(x), there is an entity [(x) 
in Sh(x) equals to the mixing of the two 


Sh(x) are linear spaces, which 


entities 
I(x) = ny (x)l (x) + no(x)ly(x), 


h(x), bx) € Sh(x); 
> I(x) € Sh(x), (51) 
where the probability of each section 
nı (x), n2 Œ) € [0,1] 
and 
maæ)+m a) = 1. 
The Sheaf spaces Sh(x) and Sh(x) are dual 
to each other. We call it Sheaf quantization 
which switching study objects from single 
section to all possible sections of the bundle. 
The equation (50) derives to equation of motion 
for density matrix 
d(trp (x)) = tr(dp (x)) = 0, (52) 
where d is exterior differential derivative. 
The equations of motion for entities Î(x) and 


i(x) in Sheaf quantization method are 
trv[i(x)] = 0,tr [ie i(x)| =0. (53) 
The corresponding total Lagrangian density is 


£= ye + gLg, + ÕLry xo (54) 
K 


where g and ĝ are Lagrangian multipliers 
with 
g,JE R. 
For pure state 


PO) = IYON, (55) 
O) =X a 6 


K 


where the |¥(x)) is the quantum state of 
quantum field theory. The transition amplitude 
can be defined through path integral formula 


a, (t,x) = 


t’E(to,t ) 


where w is volume form. 


IV. PARTICLES SPECTRUM 

V” and Wř (ais equals to 0,1,---,15 
here) are gauge bosons fields. The interactions 
related with the gauge bosons fields Wf 
always preserves the possibility of chiral 
symmetry breaking in the Lagrangian (54) such 
that the gauge group can be decomposed to 
U(4') x U(4), x U(4)k , where U(4') is 
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FIG. 3. Weight diagram of SU(4) 


adjoint representation and corresponding 


gauge bosons. The decomposition of 
SU(4) adjoint representation is 15 = 
8@1+3+4 3°". (a) The wight diagram 
of Vč which contained gauge bosons are 
gluons, photon and X+*°. (b) The wight 
diagram of W,” related gauge bosons are 
VOY Vee and WZ, 
color group and U(4), x U(A)p is chiral 
flavor group. The V? is dark photon and W? 
is Fiona particle. V? and W? are related with 
U(1') and U(1) gauge group in U(4’) and 
U(A), respectively. The left-over gauge group 
is a Pati-Salam gauge group SU(4’) x 
SU(4),; X SU(A)p [59, 79]. The SU(4') 
gauge group can be decomposed as follow 
SU(4') = SU(3’) Ð U(1') + Ux+ + Uy-. (58) 
The SU(3’) is the gauge group of quantum 
chramodynamics (QCD) and the corresponding 
gauge bosons V“ (æ is equals to 1,2 ---,8 
here) are gluons. The U(1') in equation (58) 
is electro-magnetic interaction gauge group 
and corresponding gauge boson V,'° is photon 


y. The X*° particles transport semi-leptonic 


Dr(t', eA CD æ (ty, X), (Gepcesses and 


xte = y8te + iy Ore, (59) 
The electric charges of each X*© and X~° 
are 1/3 and —1/3, respectively. The chiral gauge 
group SU(4); r can be decomposed as 


SU(4)ı r = SU(3)y Ð U(1)z + Uw+ + Uw-, (60) 


and related gauge bosons V7 (with @ equals 


to 1,2,---,15) contain weak bosons W+ and 
Z 
+ — W9 4 710 — 711 4 ¡712 
WE =W? iW = Wi iwi 
— W713 + 714 
= Wi? ŁiW;*, 
Z= wi. (62) 


(61) 
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FIG. 4. Weight 
fundamental 
Representation 4 = 3 + 1, 3 is 3 kinds of 
color, red, green and blue, 1 is the lepton 


diagram of SU(A4) 


representation 4&6 


number. Representation 6 gives us 6 flavors 
of quarks and leptons. 6 flavors have 3 
generations, I, II and III, each generation has 
2 kinds of quarks or leptons. 
The left gauge 
Y°,Y1,Y?,Y2,Y2 with 0 electric charge. The 
gauge bosons Y1,Y?,¥},Y2 transport non- 


over bosons are 


SM flavor changing neutral currents (FCNCs) 

and 
(2-Y? Ye Y 
Yai ny? Yo 


Y3 Yi, —2ye 
The X=" and Yt,Y?,Y},Y? must be 
superheavy from the restrictions of 


experimental data. 

The fermionic fields p; transfer as the 
U(4') x U(A) 
according to (29). 
the SU(4) fundamental representation 4 ® 
6 naturally. The fundamental representation 4 


fundamental representation 


So, fermions are filled into 


corresponds to 3 colors and 1 lepton and leads 

us reobtain “Lepton number as the fourth color” 
[59]. The 
corresponds to 6 flavors of quarks and leptons. 


fundamental representation 6 
The weight diagram coordinates in Chevalley 
basis of representation 6 (see in TABLE. I) 
have good correspondence with the quark 
quantum number [80]. The antifermions be 
filled into the representation 6 ® 4 similarly. 
The weight diagram of fermions is shown in 
FIG. 4. Both left-handed and right-handed 
fermions for all quarks and leptons are existed. 


8 
=9 ` WET“. (63) 
a=1 


Especially, the existence of right-handed 
neutrinos is predicted. This is compatible with 
experimental results [81] and the well know 
Seesaw mechanism [82-86]. The 2/, being 
used in Table I are not no reasons because we 
have the Gell-Mann-Nishijima formula [80] 


P+S+C+B+T 


Q =p + (64) 


An explicit fermions representation [79] 

in this model might be 
V2up V2cg V2tę db 
V¥2ug vV2cg Vtg di 
V2up V2cg V2tęg d 
e u T v' 


where u,c,t and d’ are quarks fields, e, p, T 


Yi = , (65) 


and v’ are electron, mu, tau and neutrinos 
fields. The corresponding fermions electric 
charges of (65) are 


2.2 2 1 
333 3 
2 2 2 1 
Q=|3 3 3 3 (66) 
2 2 2 1 
333 3 
1 11 0 
The quarks states like |d}, |s}, |b) and 


neutrinos states |ve}, Ivy), |v,) are eigen states 


of the Lagrangian [79]. 


2 S+C BT HI M2 HB 
u terre 


fd olo ee ees 
oa he kee 
ls Eaa 

ee a ee ee 
o | OS ae 


TABLE I. 


between quarks quantum number and 


Corresponding relations 


weight diagram coordinates in Chevalley 
basis H1, H2 and H3 of SU(A4) 


representation 6 are shown. 


V. CONCLUSION AND DISCUSSION 

A Pati-Salam model and a gravity theory 
from square root Lorentz manifold are derived. 
A Sheaf quantization scheme which consistent 
with path integral quantization is shown. The 
particles spectrum in this model is discussed. 
Some possible new physics on this model are 
listed as follows. The gravity theory has torsion. 
There are exotic gauge bosons such as dark 
photon, Fiona, X*° and Y°,Y1,Y,¥1,¥2. 
The X+° transports semi-leptonic processes, 
the Y1,Y?,Y2,Y2 transport non-SM FCNCs. 
The right-handed neutrinos are existed. The 
Higgs field is gamma matrix valued. 


Appendix: Generators of U (4) 


(9 40 0 /° 
UT 0 0 10 eo tfi 
ral n 

000 0 0 
[0010 [2 
a_1fo o o Oe LO 
an -4(; 
0000 0 
000 0 1 
g7aifo 0 =i 0\ pei ¥3/0 
zoi o of 6 \0 
00 00 0 
(290 = (2 

fo =] 0.0: 0 0 fe 0 
T (8 e ghn 
io oo 0 
0000 1 

yz 1f0 0 0 0\ ms_V6fo 
zlo 0 0 1) T2\0 
0010 0 
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